In this work, the author shows a sufficient and necessary condition for an integer of the form z n − y n z − y to be divisible by some perfect mth power p m ,
from which,
] , so that z n − y n z − y = (z − y)
Since y and z are relatively prime, the power y n−1 and (z − y) are relatively prime. Hence, Formula (1) implies that ( z − y , z n − y n z − y ) = n, if n divides z − y, and ( z − y , z n − y n z − y ) = 1, if n is relatively prime to z − y.
Moreover, (1) can be rewritten as
Since n is a prime integer, we have
) )
= n for i = 1, 2, . . . n − 1.
From (2) and (3) , we get
It follows from (4) that if n is relatively prime to z − y, then n and z n − y n z − y are relatively prime. This is to prove the second assertion. The third assertion of the lemma follows directly from the second one if n does not divide z − y. Otherwise, suppose that n divides z − y. Then from (1) and (3), we can see easily that, in this case,
If n 2 divides z n − y n z − y , then (5) implies that n divides y, so that also, n divides z since it divides z − y. This is in contradiction with our assumptions that y and z are relatively prime.
Remark 2.2. The first two assertions of Lemma 2.1 apply to the case where n = 2, but the third one does not. For example, if we take z = 5, y = 3 and n = 2, then
Next we state and prove the main result. 
where c is any integer that satisfies:
Proof. First recall that, by Lemma 1.1, r is also a primitive root modulo p m for m = 1 as well as for m = 3, 4, . . . Suppose that n divides p − 1 and
for some integer c such that 0 < c < p − 1 and p − 1 divides nc. Formula (6) implies that z n ≡ y n r ncp m−1 (mod p m ). Since p − 1 divides nc, it follows that ϕ(p m ), which is equal to (p − 1)p m−1 , divides ncp m−1 and therefore
Also, Formula (6) implies that z ≡ y r cp m−1 (mod p), which is equivalent to
It follows from (7) and (8) that
Conversely, we have two different cases.
1. Case1: z and y are relatively prime.
Since p is different than n and divides z n − y n z − y , Lemma 2.1 implies that p does not divides z − y. Hence, there exists an integer k such that
and
This implies
From (9) and (12) we have y n (1 − r nk ) ≡ 0 (mod p m ), which leads to (1 − r nk ) ≡ 0 (mod p m ) since y and p are relatively prime. Therefore,
Since p ̸ = n, the above expression implies that p m−1 divides k and because 0 < k < (p − 1)p m−1 , there exists an integer c such that 0 < c < p − 1 and
From (14) and (13), we have that
Since 0 < c < p − 1 and n is a prime integer, Formula (15) implies that
We complete the proof of this case by taking (14) into (11) to obtain
2. Case2: (z, y) = q > 1.
Let y ′ and z ′ be such that y = qy ′ and z = qz ′ . Then (z ′ , y ′ ) = 1 and
If p m divides z n − y n z − y with p and y being relatively prime, then p m divides 
Moreover, c i ̸ = c j for if they were equal, then we would have c = p − 1 2 , which is impossible as is already mentioned. 
Remark 2.7. If an odd prime q divides z n − y n z − y but n does not divide q − 1, then by Theorem 2.3 and Lemma 2.1, t is equal to n and divides z − y.
Example 2.8. Goormaghtigh conjecture states that the Diophantine equation
is satisfied for only two trivial cases:
The condition imposed by Theorem 2.3 that n divides p − 1 is satisfied in both cases. In the first case, we have n 1 = 3 divides p − 1 = 30 = (2)(3)(5). In the second case, p = 8191 is a prime number and each of n 1 = 3 and n 2 = 13 divides p − 1 = 8190 = (3 2 )(7)(13).
Example 2.9. A Mersenne number is an integer of the form 2 n − 1.Therefore, it is of the form z n − y n z − y . It is well-known that if a prime p divides 2 n − 1, where n is an odd prime, then n divides p − 1. This fact is in accordance with Theorem 2.3. It means that for every odd prime integer n, there is another prime integer p strictly larger than n. As it is known, This idea implies the infinitude of prime integers.
Two
Corollary 2.11. Let y and z be two distinct nonnegative integers and let n be an odd prime integer. Let p be an odd prime integer different than n, relatively prime to y and having the form p = 2 k + 1 for some positive integer k. Then p does not
Proof. Follows, immediately, from Theorem 2.3 since there is no odd prime integer n that divides p − 1 = 2 k .
As a completion of Theorem 2.3, we show that integers of the form z n − y n z − y are not divisible by 2, given that z and y are not both even and n is an odd prime integer.
Theorem 2.12. Let y and z be two distinct nonnegative integers not both even and let n be an odd prime integer. Then 2 does not divide
Proof. It suffices to show that z n − y n z − y is an odd integer. If one of y and z is odd and the other is even, then both (z n −y n ) and (z −y) are odd integers. Hence, their quotient z n − y n z − y is also odd. If each of y and z is odd, then (z −y) is even. Hence, z n − y n z − y has to be an odd integer since, by Lemma 2.1,
3 Some applications of Theorem 2. 
As we have explained in Remark 2.4, the integer c 1 can be replaced by c i = i c 1 for i = 1, 2, . . . , n − 1, so that we can construct sets of the form: 
Remark 3.1. Unless p = 3, there are many primitive roots that are incongruent modulo p 2 . However, we do not consider r to be a parameter in the construction of ξ(p, n, m) since this set remains invariant if we replace r by another primitive root modulo p 2 . This can be easily verified.
Suppose that
Since c 2 = 2 c 1 , the above congruence equation can be rewritten as
Letting y ′ = y r c 1 p m−1 , we obtain
. The above reasoning shows that
Therefore, we have the following corollary.
Corollary 3.2. Let p be an odd prime integer for which there exists an other odd prime integer n such that p − 1 = n c for some positive integer c. Let r be a primitive root modulo p 2 . Then
is the set of all integers of the form z n − y n z − y that are divisible by p m , where p does not divide y and m is a positive integer.
Remark
Example 3.4. Let's construct an integer of the form z 3 − y 3 z − y that is divisible by 7 3 . Take p = 7, r = 3, n = 3, c = 2 and y = 1. We have that n = 3 divides p − 1 = 6 and nc = 6 = p − 1. Construct the integer z = r c p n−1 = 3 98 . Then, by Theorem 2.3,
Of course, this is a huge number. But Theorem 2.3 ensures that we can use positive numbers that are less than and equivalent to z modulo p n . By the use of a calculator, we find easily that 3 98 ≡ 324 (mod 7 3 ). Indeed,
Now, let's ask a question: Is it true that, for an odd prime integer n, there are infinitely many odd prime integers p such that n divides p − 1? Consider the set
and let E be the set of all odd prime integers p such that p divides some element from ξ(y = 1, p, n, m = 1). Since, by Theorem 2.3, n divides p − 1 for every element p ∈ E, an affirmative answer of the above question can be obtained if we prove that there are infinitely many element in E. This seems to be true because every two element of ξ(y = 1, p, n, m = 1) have, more likely, different prime decomposition.
Proving a general fact about the congruence modulo p m
Beside its constructive aspect, Theorem 2.3 has other applications such as the following.
Corollary 3.5. Let p be an odd prime integer for which there exist another prime integer n such that n divides p − 1. Let r be a primitive root modulo p 2 . Let c be an integer such that 0 < c < p − 1 and p − 1 divides nc. Then, for every positive integer m, we have
In particular, for m = 1, we have
Proof. We choose an integer y relatively prime to p, and we construct the integer
By Theorem 2.3, we have
Taking (27) into (28), we obtain
Since y and p are relatively prime, it follows from (29) that
Remark 3.6. It is well-known that if r is primitive root mod p, then
To see this, recall that r 1 , r 2 , . . . , ..., r n−1 form a complete residue set modulo p. A question that arises is: do we have similar formula for an integer t that is not a primitive root modulo p? The above corollary gives a partial answer to this question by the mean of Formula (26) which can be considered as an extension of Formula (31). In fact, if t = r c , then t is not a primitive root modulo p since 0 < c < p − 1 and
Note that n < p 2 . That is, the number of summands in (32) is less than half of that in (31). 
